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IRREDUCIBLE CHARACTERS OF THE SYMMETRIC GROUP
AND EXPONENTIAL GROWTH
ANTONIO GIAMBRUNO AND SERGEY MISHCHENKO
Abstract. We consider sequences of degrees of ordinary irreducible Sn-characters.
We assume that the corresponding Young diagrams have rows and columns
bounded by some linear function of n with leading coefficient less than one.
We show that any such sequence has at least exponential growth and we com-
pute an explicit bound.
1. Introduction
This paper is devoted to the computation of a lower bound for the degree of
some irreducible characters of the symmetric group in characteristic zero.
Let Sn be the symmetric group on n symbols. Let λ ⊢ n be a partition of n and
fλ the degree of the irreducible Sn-character corresponding to λ.
We shall consider sequences of partitions {λ(n)}n≥1 where λ
(n) ⊢ n and the cor-
responding sequence of their degrees {fλ
(n)
}n≥1. When the sequence of partitions
is subject to suitable constraints, there are several results in the literature about
computing an upper bound of the sequence {fλ
(n)
}n≥1 ([1], [4], [7], [9], [10]).
For instance, if each λ(n) = (λ
(n)
1 , λ
(n)
2 , . . .) lies in a strip of fixed height k ≥ 1
(i.e., λ
(n)
k+1 = 0), then f
λ(n) ≤ kn, for all n ≥ 1. In case the sequence has the further
property that λ
(n)
1 ≤
n
α , for some fixed α > 1, then an exponential lower bound can
also be found.
The above example can be generalized to hooks. In fact given k, l ≥ 0, it
can be shown that if we consider a sequence of partitions lying inside the k × l
hook (i.e., λ
(n)
k+1 ≤ l), then f
λ(n) ≤ (k + l)n ([10]). A lower bound in this case is
found (see Proposition 1 below) when the sequence has the further property that
λ
(n)
1 , λ
(n)
1
′
≤ nα , for some α > 1, where λ
(n)′ is the conjugate partition of λ(n).
Notice that in the above examples all partitions λ(n) have bounded diagonal
δ(λ(n)). But what can we say if δ(λ(n)) goes to infinity with n? Here we shall
consider such question.
In case limn→∞
δ(λ(n))2
n = ε > 0, then it is not hard to prove that the sequence
{fλ
(n)
}n≥1 has overexponential growth. (see Proposition 2 below).
More generally here we shall prove the following result: given any α ∈ R, α > 1,
and {λ(n)}n≥1 a sequence of partitions such that λ
(n)
1 , λ
(n)
1
′
≤ nα , then f
λ(n) ≥ βn,
for any 1 < β < α, for n large enough. This result was proved by the second author
in [8], in case α is an integer.
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A motivation for the study of such sequences of partitions in found in the theory
of algebras satisfying polynomial identities. For instance as an application of this
result (in the integral case) in [8] it was proved that no variety of Lie algebras can
have exponential growth between one and two. Also in [5] in order to compute
the exponential growth of a variety, the authors introduced a real valued function
Φ(α1, . . . , αk) with the property that Φ(α1, . . . , αk)
n asymptotically equals fλ, up
to a polynomial factor, where λ = ([α1n], . . . , [αkn]) (see also [2], [3]). This function
is defined only for partitions lying in a strip of height k, while in this paper no
restriction on the height is considered.
2. Preliminaries
Throughout the paper we shall consider the ordinary representation theory of
the symmetric group. We refer to [6] for the notation and the basic notions.
If λ = (λ1, . . . , λk) ⊢ n, we tacitely identify λ with its Young diagram Dλ =
Dλ{(i, j)}, where (i, j) is the cell of Dλ of coordinates (i, j). We also write Hij =
{(k, l) ∈ λ | k ≥ i, l = j or k = i, l ≥ j} for the hook of the cell (i, j). Recall that
the hook number of (i, j) is hij = (λi − j) + (λ
′
j − i) + 1 where λi − j is the length
of the arm of the hook and λ′j − i is the length of the leg.
We denote by λ′ = (λ′1, . . . , λ
′
λ1
) the conjugate partition of λ, where λ′i is the
length of the i-th column of λ.
In what follows we shall use the hook formula (see [6]) and Stirling formula (see
[11]).
Remark 1. Let λ ⊢ n and let Tλ = (tij) be a standard tableau of shape λ. If
Nij = n+ 1− tij , then Nij ≥ hij , for all i, j.
Proof. Let Bij = {tkl|tkl ≥ tij}. Clearly Nij = |Bij |. Since for each cell (k, l) of the
hook Hij of (i, j) we have that tkl ≥ tij , if follows that {tkl|(k, l) ∈ Hij} ⊆ Bij .
Thus Nij ≥ hij . 
Recall that a corner cell of a diagram is a cell whose hook number is 1.
Definition 1. If λ ⊢ n we define the diagonal of λ as
δ(λ) = max
i
{λi ≥ i and λ
′
i ≥ i}.
We remark that δ = δ(λ) is the size of the largest square diagram inside λ.
Definition 2. If k, l ≥ 0, we define the k × l hook as the set
H(k, l) = {λ ⊢ n|λk+1 ≤ l}.
3. Two special cases
Proposition 1. Let α ∈ R, α > 1 and k ≥ l ≥ 0. If λ ⊢ n is such that λ ∈ H(k, l)
and λ1, λ
′
1 ≤
n
α , then
fλ
(n)
≥
αn
nm
,
where m = (2l+k−1)k2 .
Proof. Let t1, . . . , tk+l be defined as follows :
1) if 1 ≤ s ≤ l, set ts =
{
λ′s if λ
′
s > 0,
0 otherwise,
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2) if 1 ≤ s ≤ k, set tl+s =
{
λs − l if λs − l ≥ 0,
0 if λs − l < 0.
We remark that
∑k+l
i=1 ti = n.
Let µ = (l + k − 1, . . . , l + 1, l) ⊢ m = (2l+k−1)k2 and define
A = {(i, j) | (i, j) ∈ λ ∩ µ},
B = {(i, j) ∈ λ \ µ | i ≥ k + 1},
C = {(i, j) ∈ λ \ µ | 1 ≤ i ≤ k}.
Clearly since |A| ≤ m, ∏
(i,j)∈A
hij ≤ n
m.
The hook number of a cell in the j-th column of λ, j ≤ l, is hk+i,j < tj − i + 1,
1 ≤ i ≤ λ′j − k. Moreover consider the hook Hi,µi+j of a cell of C. Its arm is
λi − µi − j and its leg is ≤ k − i. Hence
hi,µi+j ≤ (λi − µi − j) + (k − i) + 1 = tl+i + l + k − µi − j − i+ 1 = tl+i − j + 1,
since µi = l + k − i.
Hence ∏
(i,j)∈B∪C
hij <
k+l∏
i=1
ti!.
It follows that
fλ ≥
1
nm
n!∏k+l
i=1 ti!
.
By Stirling formula, recalling that ti ≤
n
α , we get
n!∏k+l
i=1 ti!
≥
nn
∏k+l
i=1 e
ti
en
∏k+l
i=1 t
ti
i
≥
nn∏k+l
i=1
nti
αti
=
k+l∏
i=1
αti = αn.
Hence we get that fλ ≥ α
n
nm and we are done. 
Remark 2. If k < l and λ ∈ H(k, l), then λ′ ∈ H(l, k) and fλ = fλ
′
. Hence the
conclusion of the previous proposition still holds when k < l and fλ ≥ α
n
nm where
m = (2k+l−1)l2 in this case.
The following example illustrates the sets A,B,C of the previous proposition.
Example 1. We consider the hook H(4, 3) and a partition λ ∈ H(4, 3). For
λ = (9, 6, 4, 2, 2, 1) ⊢ 24, we have
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where A consists of the white cells, B of the grey cells and C of the marked cells.
In this case we also have that t1 = 6, t2 = 5, t3 = 3, t4 = 6, t5 = 3, t6 = 1, t7 = 0.
Lemma 1. Let {as}s≥1, {bs}s≥1 be two sequences of natural numbers such that
lim
s→∞
as = lim
s→∞
bs =∞
and define the partition µ(s) = (bass ), s ≥ 1.
Then for every β > 0 there exists s0 such that for every s ≥ s0, f
µ(s) > βasbs .
Proof. Let n = ab and µ = µ(s) = (ba) ⊢ n. Since fµ = fµ
′
, where µ′ is the
conjugate partition of µ, we assume, as we may, that b ≥ a.
By the hook formula we get
fµ =
n!
(b!)a
·
1!
(b + 1)
·
2!
(b + 1)(b+ 2)
· · · · ·
(a− 1)!
(b+ 1) . . . (b+ a− 1)
=
=
n!
(b!)a
·
a−1∏
t=1
(
b+ t
t
)−1
>
n!
(b!)a
·
a−1∏
t=1
(
2b+t
)−1
=
n!
(b!)a
· 2−n−
a
2
2 +
2b+a
2
n!
(b!)a
2−2n.
since a2 ≤ n. By Stirling formula, since n = ab we get that fµ >
(
a
4
)n
.
Now, since lims→∞ as =∞, for every β there exists s0 such that
as
4 ≥ β, for any
s ≥ s0 and the result follows. 
Proposition 2. Let α > 1, α ∈ R, and let {λ(n)}n≥1 be a sequence of partitions,
λ(n) ⊢ n. Suppose that for any ε > 0, δ(λ
(n))2
n ≥ ε > 0 holds for n large enough.
Then for any γ there exists n0 such that f
λ(n) ≥ γn for every n ≥ n0.
Proof. For every n ≥ 1 set µ(n) =
(
δ(λ(n)
)δ(λ(n))
⊢ kn where kn = δ(λ
(n))2. Take
β = γ1/ε. Then since knn ≥ ε, by Lemma 1 there exists n0 such that
fµ(n) ≥ βkn > βεn = γn,
for any n ≥ n0. Since f
λ(n) ≥ fµ(n), the proof is complete. 
4. The main results
The following lemma which is of interest by itself, is the main tool for proving
our main result. If a ∈ R, we write [a] for the integer part of a.
Lemma 2. Let α > 1, α ∈ R. Let λ ⊢ n be such that δ = δ(λ) ≥ 9α and λ1, λ
′
1 ≤
n
α .
If λ1 > λ2 > · · · > λδ > δ and λ
′
1 > λ
′
2 > · · · > λ
′
τ+1 ≥ δ, for some 0 ≤ τ ≤ δ, then
there exists n0 such that for all n ≥ n0
fλ ≥ αn−(δ
2+αρ),
where ρ = δ2 if α ∈ N and ρ =
[
δ2
α−[α]
]
+ 1 if α 6∈ N.
Proof. We shall assign a number N to each cell of λ, 1 ≤ N ≤ n, and we shall
denote by hN the corresponding hook number.
We shall split the cells of λ into four eventually empty disjoint sets T1, . . . , T4.We
start by defining cells of type 1.
Let s1 be the number of corner cells of λ = λ
(1). By assumption s1 ≥ δ ≥ 9α >
2α.We enumerate the corner cells from top to bottom with the numbers 1, 2, . . . , s1
and we assign to each cell color 1.
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Next we consider the new diagram λ(2) obtained by deleting the s1 corner cells
from λ. Let s2 be the number of corner cells of λ
(2). Since s2 ≥ δ − 1 > 2α, we
repeat the above procedure by enumerating the corner cells of λ(2) from top to
bottom with the numbers s1 + 1, . . . , s1 + s2 and we assign color 2 to each cell.
We repeat this procedure until when the obtained uncolored subdiagram of λ
has ≥ 2α corner cells. Let 1, 2, . . . , r be the assigned colors. The cells obtained in
this procedure will be called of type 1. Hence T1 = λ \ λ
(r+1) and |T1| =
∑r
i=1 si.
We remark that if we consider a cell of type 1, then the cells in the corresponding
hook (whose corner is the given cell) are all colored and each color appears at most
twice. Hence if we consider a cell in the i-th step of the above procedure, the
corresponding hook number is hN ≤ 2(i−1)+1 where N is the number assigned to
this given cell. Hence, since s1 ≥ δ and by hypothesis sj ≥ 2α, for all j, 2 ≤ j ≤ r,
by counting the number of cells up to the (i− 1)-th step, we get N > 2α(i− 2)+ δ.
Since δ > α it follows that
(1) αhN ≤ N.
Next we claim that
(2) |T1| ≥ 2αr + αδ.
In fact since the first δ rows of λ have different lengths, we have
s1 ≥ δ, s2 ≥ δ − 1, . . . , si ≥ δ − i+ 1, . . . ,
sδ−2[α]−1 ≥ 2[α] + 2 > 2α, sδ−2[α] ≥ 2α, . . . , sr ≥ 2α.
Since
s1 ≥ (2[α] + 2) + (δ − 2[α]− 2), s2 ≥ (2[α] + 2) + (δ − 2[α]− 3), . . . ,
sδ−2[α]−2 ≥ (2[α] + 2) + 1, sδ−2[α]−1 ≥ 2[α] + 2,
we have
|T1| ≥ 2αr +
δ−2[α]−2∑
j=1
j = 2αr +
(δ − 2[α]− 2)(δ − 2[α]− 1)
2
.
Recalling that δ ≥ 9α and α ≥ [α] ≥ 1, we get
δ2 − 4[α]δ + 4[α]2 + 6[α]− 3δ + 2− 2αδ > 9αδ − 4[α]δ − 3δ − 2αδ ≥ 0.
Hence
(δ − 2[α]− 2)(δ − 2[α]− 1)
2
> αδ
and the claim follows.
We continue the process of deleting cells from our diagram λ and we define the
set T2 of cells of type 2.
Consider the diagram λ(r+1) and its corner cells (i, j) where either i > δ or j > δ,
i.e., we consider corner cells outside the square diagram δ × δ.
Let t1 be the number of corner cells of λ
(r+1) outside the partition
(
δδ
)
. If t1 ≥ α,
we enumerate these cells with the numbers |T1|+1, . . . , |T1|+ t1 and we color them
with color r + 1.
Next we consider the diagram λ(r+2). If the number t2 of corner cells outside
(
δδ
)
is ≥ α, we enumerate these cells with the numbers |T1| + t1 + 1, . . . , |T1| + t1 + t2
and we color them with color r + 2.
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We repeat this procedure as long as the number of corner cells outside
(
δδ
)
is
≥ α. Let r + 1, . . . , r + q be the colors given to the cells of type 2. The number of
cells of type 2 is |T2| =
∑q
i=1 ti.
Next we claim that the inequality (1) holds for cells of type 2, i.e., for any N
with
|T1|+ 1 ≤ N ≤ |T1|+ |T2|.
In fact, let 0 ≤ x ≤ q − 1 and consider the corner cells of the diagram λ(r+x+1)
outside
(
δδ
)
. For any such cell (i, j) whose number is N we have that
|T1| < N ≤ |T1|+ t1, if x = 0
and
|T1|+
x∑
k=1
tk < N ≤ |T1|+
x+1∑
k=1
tk, if x > 0.
Hence
(3) N ≥ |T1|+ αx
since tk ≥ α, 1 ≤ k ≤ q.
Next we compute hN . If i ≤ δ and j > δ, each cell of the arm has different colors.
Hence its length is λi− j ≤ r+x. Since j > δ, the length of the leg is λ
′
j− i ≤ δ−1.
Therefore
(4) hN ≤ r + x+ δ.
By (2) putting together (3) and (4) we get (1).
In case i > δ and j ≤ δ, the length of the leg is ≤ r + x and the length of the
arm is ≤ δ − 1 and the result still holds.
Next we define the set T3 of cells of type 3. We consider the partition µ =
λ(r+q+1).
Notice that µδ+µ
′
δ < α−1, if α ∈ N and µδ+µ
′
δ ≤ [α] if α 6∈ N. In fact, otherwise
µ will have ≥ α corner cells since the original partition has distinct lengths of rows
and columns, and, so, we would be in type 2.
Cells of type 3 are defined as cells of µ \
(
(δ + ρ)δ+ρ
)
. We enumerate cells of
type 3 as follows. For δ + ρ < m ≤ max{µ1, µ
′
1} = k define
Qm = {(i, j) ∈ µ | i = m or j = m}.
First we enumerate the cells of Qk starting with |T1|+ |T2|+1 in some order. Then
we enumerated the cells of Qk−1 in some order starting with |T1|+ |T2|+ |Qk|+ 1.
We continue this process until Qδ+ρ+1.
Consider a cell (i, j) of type 3 whose number is N. Then either (i, j) = (i, x+ δ),
1 ≤ i ≤ δ, or (i, j) = (x + δ, j), 1 ≤ j ≤ δ, where x > ρ. From the enumeration of
the cells of type 3, it follows that there are ≤ δ2 + cx cells whose number is larger
than N, where c = α − 1 if α ∈ N and c = [α] if α 6∈ N. Hence N ≥ n− (δ2 + cx).
Also
hN ≤
(n
α
− x− δ
)
+ δ =
n
α
− x.
If α ∈ N, then c = α− 1 and we have
N ≥ n− δ2 − (α− 1)x = n− αx + x− δ2 > αhN ,
since x > ρ = δ2.
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If α 6∈ N, then c = [α] and we have
N ≥ n− δ2 − [α]x = n− αx+ (α− [α])x− δ2 > αhN ,
since x > ρ =
[
δ2
α−[α]
]
+ 1 > δ
2
α−[α] .
We have proved that the inequality (1) holds for cells of type 3.
Finally we say that a cell of λ is of type 4 if it is not of type 1,2 or 3. Let T4 be
the set of cells of type 4. So |T4| = n− |T1| − |T2| − |T3|. Note that
(5) |T4| ≤ δ
2 + αρ.
We consider a standard tableau Tλ = (tij) of shape λ such that n− |T4| + 1 ≤
tij ≤ n, for any cell (i, j) of type 4. By Remark 1 if N = Nij , then
(6) hij = hN ≤ N,
for any cell (i, j) of type 4.
We are now ready to compute a lower bound of fλ.
We have
fλ =
n!∏
hij
=
(n− |T4|)!∏
(i,j)∈T1∪T2∪T3
hij
·
n(n− 1) . . . (n− |T4|+ 1)∏
(i,j)∈T4
hij
=
=
|T1|+|T2|+|T3|∏
N=1
N
hN
·
n∏
N=|T1|+|T2|+|T3|+1
N
hN
≥ αn−|T4| ≥ αn−(δ
2+αρ),
where we have applied the inequalities (1) for cells of type 1, 2 and 3 and (6) for
cells of type 4. The last inequality follows from (5).
This completes the proof of Lemma 2. 
Proposition 3. Let λ ⊢ n and α ∈ R, α > 1. Suppose that λ1, λ
′
1 ≤
n
α and
δ = δ(λ) ≥ 18α. Then
fλ ≥ αn−(
5
2 δ
2+αρ),
where ρ = δ2 if α ∈ N and ρ =
[
δ2
α−[α]
]
+ 1 if α 6∈ N.
Proof. We may clearly assume that n > δ2. We shall modify λ so that we can apply
Lemma 2.
Define λ˜ as follows:
1) for 1 ≤ i ≤ δ such that λi ≥ δ + i − 1, define λ˜i = λi − (i − 1); otherwise
set λ˜i = δ;
2) for 1 ≤ j ≤ δ, if λ′j ≥ δ + j − 1, set λ˜
′
j = λ
′
j − (j − 1); otherwise set λ˜
′
j = δ.
Note that we erase at most δ(δ − 1) cells. So λ˜ ⊢ n1 ≥ n− δ
2 + δ.
Let s be the largest integer such that λ˜s > δ, otherwise set s = 0 if λ˜i ≤ δ, for
all i, 1 ≤ i ≤ δ. Let also t be the largest integer such that λ˜′t > δ, otherwise set
t = 0 if λ˜′i ≤ δ, for all i, 1 ≤ i ≤ δ.
By eventually considering the conjugate partition, we may assume that s ≥ t.
Since n > δ2, then s ≥ 1.
If s = δ, then set µ = λ˜. Otherwise we define a new partition µ ⊢ n2 =
n1 −
(δ−s−1)(δ−s)
2 as follows:
1) µi = λ˜i, if 1 ≤ i ≤ s+ 1, or δ + 1 ≤ i,
2) µs+2 = δ − 1, . . . , µδ = δ − (δ − s− 1).
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Notice that the largest square inside µ is
(
δ(µ)δ(µ)
)
where δ(µ) ≥
[
δ(λ)
2
]
+ 1 ≥ 9α.
Next we shall apply Lemma 2 for the partition µ ⊢ n2. Let ρ(µ) = δ(µ)
2 if α ∈ N
and ρ(µ) =
[
δ(µ)2
α−[α]
]
+ 1 if α 6∈ N.
Since ρ(µ) ≤ ρ = ρ(λ) and s ≤ δ, by Lemma 2 we have
fµ ≥ αn2−(δ(µ)
2+αρ(µ))
≥ αn2−(δ(λ)
2+αρ(λ)) = αn−δ
2+δ− (δ−s−1)(δ−s)2 −δ
2−αρ
≥ αn−
5δ2−(2δs−s2)−(3δ−s)
2 −αρ ≥ αn−(
5
2 δ
2+αρ).
Since fλ ≥ fµ the proof is complete. 
Theorem 1. Let α ∈ R, α > 1 and let {λ(n)}n≥1 be a sequence of partitions,
λ(n) ⊢ n, such that λ
(n)
1 , λ
(n)
1
′
≤ nα . Then for any 1 < β < α, there exists n0 such
that for all n ≥ n0, f
λ(n) ≥ βn.
Proof. In order to simplify the notation we write δ(λ(n)) = δ(n). Let β ∈ R be such
that 1 < β < α, and let
(7) 0 < γ ≤
lnα− ln β
lnα
.
We partition N into three disjoint sets N = M1 ∪M2 ∪M3, where the Mi’s are
defined as follows:
M1 = {n ∈ N | δ(n) < 18α},
M2 = {n ∈ N | δ(n) ≥ 18α, γn ≤
5
2
δ(n)2 + αρ(n)},
M3 = {n ∈ N | δ(n) ≥ 18α, γn >
5
2
δ(n)2 + αρ(n)}.
By Proposition 1 there exists n1 such that for all n ≥ n1, n ∈M1, we have that
fλ
(n)
≥ βn. In fact fλ
(n)
≥ α
n
nm where m =
(3δ(n)−1)δ(n)
2 <
3δ(n)2
2 < 486α
2.
Suppose now that n ∈ M2. Then γn ≤
5
2δ(n)
2 + αρ(n) and suppose first that
α ∈ N. Then in this case ρ(n) = δ(n)2 and γn ≤ 52δ(n)
2 + αρ(n) implies that
γn ≤ (52 +α)δ(n)
2. Thus δ(n)
2
n ≥ γ(
5
2 +α)
−1 = ε > 0. By Proposition 2 there exists
n2 such that for all n ≥ n2, n ∈M2 we have that f
λ(n) ≥ βn.
Suppose now that α 6∈ N. Then
γn ≤
5
2
δ(n)2 + α
([
δ(n)2
α− [α]
]
+ 1
)
≤
5
2
δ(n)2 + α ·
δ(n)2
α− [α]
+ α ≤
≤ δ(n)2
(
3 +
α
α− [α]
)
,
since 12δ(n)
2 > α. Thus δ(n)
2
n ≥ γ(3+
α
α−[α])
−1 = ε > 0. By Proposition 2 as above
we get fλ
(n)
≥ βn, for any n ≥ n2, n ∈M2.
By Proposition 3 there exists n3 such that for all n ≥ n3, n ∈M3,
fλ
(n)
≥ αn−γn ≥ βn,
since from (7) we have that (n− γn) lnα ≥ lnβ.
If we now take n0 = max{n1, n2, n3}, we get that f
λ(n) ≥ βn for all n ≥ n0.
This completes the proof of the theorem. 
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